In this paper, the approximate controllability of partial neutral stochastic functional integro-differential inclusions with infinite delay and impulsive effects in Hilbert spaces is considered. By using Hölder's inequality, stochastic analysis and fixed point strategy with the properties of analytic resolvent operator, a new set of sufficient conditions is formulated, which guarantees the approximate controllability of the nonlinear impulsive stochastic system. The results are obtained under the assumption that the associated linear system is approximately controllable. An example is given to illustrate our results. MSC: 34A37; 60H10; 34K50; 93B05
Introduction
The study of controllability plays an important role in the control theory and engineering [] . In recent years, various controllability problems for different kinds of dynamical systems have been investigated in many publications; see [-] and the references therein. From the mathematical point of view, the problems of exact and approximate controllability are to be distinguished. However, as proved by Triggiani [] , the concept of exact controllability is usually too strong and has limited applicability. In addition, the fixed point techniques are widely used in studying the controllability problems for nonlinear control systems, approximate controllable systems are more prevalent and very often approximate controllability is completely adequate in applications; see [, ] . So, it is important, in fact necessary, to study the weaker concept of controllability, namely approximate controllability for nonlinear systems. The theory of impulsive partial differential equations or inclusions appears as a natural description of several real processes subject to certain perturbations whose duration is negligible in comparison with the duration of the process. It has seen considerable development in the last decade [] . In the present literature, many papers are concerned with the results on the approximate controllability of solutions to these systems (see [-] ). Furthermore, besides impulsive effects, stochastic effects like-wise exist in real systems. Therefore, impulsive stochastic differential equations describing these dynamical systems subject to both impulse and stochastic changes have attracted considerable attention. Particularly, the papers [-] studied the existence of mild solutions for some impulsive neutral stochastic functional integro-differential equations with infinite delay in Hilbert spaces.
Recently, much attention has been paid to the approximate controllability for impulsive partial stochastic differential and integrodifferential systems in a Hilbert space. For example, Sakthivel et al. [, ] established the approximate controllability of nonlinear firstorder and second-order stochastic infinite-dimensional dynamical systems with impulsive effects in a Hilbert space. Subalakshmi and Balachandran [] discussed the approximate controllability of nonlinear stochastic impulsive integrodifferential systems. Shen and Sun [] investigated the approximate controllability of stochastic impulsive functional systems with infinite delay. Zang and Li [] studied the approximate controllability of fractional impulsive neutral stochastic differential equations with nonlocal conditions. As the generalization of classic impulsive differential equations, impulsive stochastic differential inclusions in Hilbert spaces have attracted the researchers' great interest [, ] . Among them, Ren et al. [] obtained the controllability of impulsive neutral stochastic functional differential inclusions with infinite delay in an abstract space by means of the fixed point theorem for discontinuous multivalued operators due to Dhage. In this paper we study the approximate controllability of a class of impulsive partial neutral stochastic functional integro-differential inclusions with infinite delay in Hilbert spaces of the form
d x(t) -G(t, x t ) ∈ A x(t) + t  h(t -s)x(s) ds dt + Bu(t) dt + F(t, x t ) dw(t),
t ∈ J = [, b], t = t k , k = , . . . , m, (.)
x  = ϕ ∈ B, (  .  )
x(t k ) = I k (x t k ), k = , . . . , m, (  .  ) abstract differential equations in Banach spaces. However, the resolvent operator does not satisfy semigroup properties. To the best of our knowledge, there are no relevant reports on the approximate controllability of impulsive partial stochastic functional integrodifferential inclusions with infinite delay and resolvent operator in the current paper, which is expressed in the form (.)-(.). Although the papers [, ] studied the problem of approximate controllability for nonlinear impulsive neutral differential inclusions with nonlocal conditions, besides the fact that [, ] applies to the approximate controllability of systems with finite delay, the class of deterministic systems is also different from the one studied here. Further, stochastic systems with infinite delay deserve a study because they describe a kind of system present in the real world. Therefore, it is interesting to study the approximate controllability problems for impulsive stochastic inclusions with infinite delays, which are natural generalizations of controllability concepts for impulsive stochastic equations well known in the theory of infinite dimensional control systems. The existence of solutions to systems is a fundamental premise to carry out a study on approximate controllability. The most common and easily verified conditions to guarantee the existence of a solution are the jump operators I k (k = , . . . , m) imposing a completely continuous and Lipschitz condition. In this paper, we are only concerned with the case in which I k (k = , . . . , m) are continuous, and we study the approximate controllability of nonlinear impulsive stochastic control systems under the assumption that the associated linear system is approximately controllable. The main tools used in this paper are stochastic analysis, analytic resolvent operators, fractional powers of closed operators and the nonlinear alternative of Leray-Schauder type for multivalued maps due to O'Regan combined with approximation techniques. The known results that appeared in [, , -] are generalized to the impulsive stochastic inclusions settings and the case of infinite delay. Moreover, the results are also new for deterministic systems with impulsive effects. The rest of this paper is organized as follows. In Section , we introduce some notations and necessary preliminaries. Section  verifies the existence of solutions for impulsive stochastic control system (.)-(.). In Section , we establish the approximate controllability of impulsive stochastic control system (.)-(.). In Section , an example is given to illustrate our results. Finally, concluding remarks are given in Section .
Preliminaries
Let H, K be two real separable Hilbert spaces, and we denote by ·, · H , ·, · K their inner products and by · H , · K their vector norms, respectively. Let ( , F, P) be a complete probability space equipped with a normal filtration F t , t ∈ [, b]. Let w be a Q-Wiener process on ( , F b , P) with the covariance operator Q such that tr Q < ∞. We assume that there exists a complete orthonormal system {e n } ∞ n= in K , a bounded sequence of nonnegative real numbers {λ n } ∞ n= such that Qe n = λ n e n , and a sequence β n of independent Brownian motions such that
λ n e n , e β n (t), e ∈ K, t ∈ J, and F t = F w t , where F w t is the σ -algebra generated by {w(s) : 
then for every t ∈ [σ , σ + b] the following conditions hold:
(C) The space B is complete.
Remark . ([])
Let ϕ ∈ B and t ≤ . The notation ϕ t represents the function defined by ϕ t = ϕ(t + θ ). Consequently, if the function x(·) in axiom (A) is such that x  = ϕ, then x t = ϕ t . We observe that ϕ t is well defined for t <  since the domain of ϕ is (-∞, ].
Remark . ([])
In retarded functional differential equations without impulses, the axioms of the abstract phase space B include the continuity of the function t → x t . Due to the impulsive effect, this property is not satisfied in impulsive delay systems and, for this reason, has been eliminated in our abstract description of B.
Let P(H) denote the class of all nonempty subsets of H. Let P bd,cl (H), P cp,cv (H), P bd,cl,cv (H) and P cd (H) denote respectively the families of all nonempty bounded-closed, compact-convex, bounded-closed-convex and compact-acyclic (see [] ) subsets of H. 
The constant κ is called a contraction constant of G. 
In this paper, we always assume that PC is endowed with the norm
To simplify the notations, we put t  = , t m+ = b and for x ∈ PC, we denote byx
Let x b (x  ; u) be the state value of system (.)-(.) at terminal time b corresponding to the control u and the initial value x  = ϕ(t) ∈ B. Introduce the set
which is called the reachable set of system (.)-(.) at terminal time b, its closure in H is denoted by B(b, x  ). Now we give the definitions of mild solutions and approximate controllability for system (.)-(.).
It is convenient at this point to define operators
where B * denotes the adjoint of B and R * (t) is the adjoint of R(t). It is straightforward that the operator b  is a linear bounded operator.
+ in the strong operator topology.
Consider the following linear stochastic integro-differential system:
, we have the following lemma.
Lemma . Assumption (S) holds if and only if the linear integro-differential control system (.)-(.) is approximately controllable on J.
The proof of Lemma . can be performed along the direction of the proof of Theorem  in [] .
where
The next result is a consequence of the phase space axioms.
Lemma . Let x : (-∞, b] → H be an F t -adapted measurable process such that the
F  -adapted process x  = ϕ(t) ∈ L   ( , B) and x| J ∈ PC(J, H), then x s B ≤ M b E ϕ B + K b sup ≤s≤b E x(s) H , where M b = sup t∈J M(t) and K b = sup t∈J K(t).
Lemma . ([]) A family of bounded linear operators R(t) ∈ P(H) is called a resolvent operator for
Let  ∈ ρ(A), then it is possible to define the fractional power (-A)
with · α . Then, for each  < α ≤ , H α is a Banach space. Furthermore, the following properties are well known [] . has a fixed point in V ; or (ii) there exist y ∈ ∂V and λ ∈ (, ) with y ∈ λ (y) + ( -λ){y  }.
Lemma . The following properties hold:
(i) If  < β < α ≤ , then H α ⊂ H β and
the embedding is compact whenever the resolvent operator of
A is compact. (ii) For each  < α ≤ , there exists a positive constant M α such that (-A) α R(t) H ≤ M α t α .
Lemma . A set B ⊆ PC is relatively compact in PC if and only if the setB k is relatively compact in C(
[t k , t k+ ]; L  ( , H)) for every k = , , . . . , m.
Lemma . ([]) For any p ≥  and for an arbitrary L
  (K, H)-valued predictable process φ(·) such that sup s∈[,t] E s  φ(v) dw(v) p H ≤ p(p -) p t  E φ(s) p L   /p ds p , t ∈ [, ∞).
Existence of solutions for an impulsive stochastic control system
In this section, we prove the existence of solutions for impulsive stochastic control system (.)-(.). We make the following hypotheses.
(H) The analytic resolvent operator R(t) is compact for all t > , and there exist
(H) The multivalued map F :
is measurable and the set
a.e. t ∈ J and each ψ ∈ B with
(H) There exists a constant β with  < β <  such that G : J × B → H is a continuous function, and
for all t i ∈ J, ψ i ∈ B, i = , , and
(H) The functions I k : B → H are continuous and there exist constants c k such that lim sup
Lemma . ([]) Let J be a compact interval and H be a Hilbert space. Let F be a multivalued map satisfying (H), and letP be a linear continuous operator from L p (J, H) to C(J, H). Then the operator
is a closed graph in C(J, H) × C(J, H).
Theorem . If assumptions (H)-(H) are satisfied, then further suppose that for all a > , system (.)-(.) has at least one mild solution on J, provided that
where N * = max{, e δb }.
Proof Consider the space BPC = {x : (-∞, b] → H; x  = , x| J ∈ PC(J, H)} endowed with the uniform convergence topology and define the multivalued map :
where f ∈ S F,x . We show that has a fixed point, which in turn is a mild solution of problem (.)-(.).
Letφ : (-∞, ) → H be the extension of (-∞, ] such thatφ(θ ) = ϕ() =  on J. Now, let {σ n : n ∈ N} be a decreasing sequence in (, b) such that lim n→∞ σ n = . To prove the above problem, we consider the following inclusion:
has at least one mild solution x n ∈ BPC. For fixed n ∈ N, set the multivalued map n : BPC → P(BPC) defined by n x the set of ρ n ∈ BPC such that
where f ∈ S F,x . It is easy to see that the fixed point of n is the mild solution of problem (.)-(.). We now show that n satisfies all the conditions of Lemma .. The proof will be given in several steps.
Step . We shall show that there exists an open set V ⊆ BPC with x ∈ λ n x for λ ∈ (, ) and x / ∈ ∂V .
Let λ ∈ (, ) and let x ∈ λ n x, then there exists f ∈ S F,x such that
for some λ ∈ (, ). On the other hand, from condition (H), we conclude that there exist positive constants
Then, by (H)-(H) and (.), from (.) we have for t ∈ J,
Consider the function defined by
Since lim n→∞ σ n = , it follows that
Denoting by v(t) the right-hand side of the above inequality, we get that
Then, for each t ∈ J, we have
This implies that
This inequality shows that there is a constant K such that e -pδt v(t) ≤ K , t ∈ J, and hence 
From the choice of V , there is no x ∈ ∂V such that x ∈ λ n x for λ ∈ (, ).
Step . n has a closed graph. Let
We must prove that there exists f * ∈ S F,x * such that, for each t ∈ J,
Now, for every t ∈ J, we have
Consider the linear continuous operator :
From Lemma . it follows that • S F is a closed graph operator. Also, from the definition of , we have that, for every t ∈ J,
Since x (j) → x * , for some f * ∈ S F,x * it follows that, for every t ∈ J, we have
Therefore, n has a closed graph.
Step . We show that the operator n is condensing. For this purpose, we decompose n as  n +  n , where the map
and the map
We first show that  n is a contraction while  n is a completely continuous operator. (i)  n is a contraction on V . Let t ∈ J and x * , x * * ∈ BPC. By using (H), Hölder's inequality and Lemma ., we have
Taking supremum over t, we have for all t ∈ J,
Since S F,x is convex (because F has convex values), we have (λρ
We consider the decomposition such that
and by using the stochastic Fubini theorem, it is easy to see that 
where ϕ is continuous andũ : 
Then A generates a strongly continuous semigroup that is analytic, and the resolvent operator R(t) can be extracted from this analytic semigroup (see [] ). Furthermore, A has a discrete spectrum with eigenvalues of the form -n  , n ∈ N, whose corresponding (normalized) eigenfunctions are given by z n (x) =  π sin(nx). In addition, the following properties hold:
Define an infinite dimensional control space U by 
Conclusion
In this paper, we have studied the approximate controllability of first-order impulsive partial neutral stochastic functional integro-differential inclusions with infinite delay (.)-(.) in a separable real Hilbert space. Through the nonlinear alternative of Leray-Schauder type for multivalued maps due to O'Regan under the compactness assumption, we investigated the sufficient conditions for the approximate controllability of the system; more precisely, by using the fixed point theorem, analytic resolvent operators, fractional powers of closed operators combined with approximation techniques. The conditions, under which the approximate controllability of the nonlinear impulsive stochastic system is implied by the approximate controllability of its corresponding linear part and the jump operators I k (k = , . . . , m) are continuous, have been formulated and proved. Finally, an application has been provided to illustrate the applicability of the new result.
In the future work we are going to study the approximate controllability of second-order and fractional impulsive partial stochastic functional differential inclusions with infinite delay for which the discussion may be more difficult and greatly different from the present situation.
